Running-wave solutions to three systems of partial differential equations describing wave propagation in atomic media in the kinetic limit have been obtained. Those systems include approximations to (i) standard two-level Maxwell-Bloch equations; (ii) equations describing processes with saturated absorption in three-level systems and (iii) equations describing processes with reversed saturation in four-level systems. It has been shown that in all three cases kink-like solitary waves can emerge if the dynamical equation for the intensity includes a linear contribution to the Lambert-Beer law. Those solitary waves can propagate with either sub-or superluminal velocity of the edge of the kink, and in a direction which can be either the same as or opposite to that of the carrier wave. In addition, simple qualitative information about the behaviour of waves near the wavefronts has been obtained.
Introduction
Solitary waves have long become a very interesting subject for both experimental and theoretical physicists. In the field of electromagnetic wave propagation in atomic and molecular media they have attracted considerable attention for several decades, as documented, e.g., in [1] [2] [3] [4] . Of particular value from the point of view of mathematical physics was the fact that, under some simplifying assumptions, the systems of equations which describe the process of self-induced transparency and stimulated Raman scattering are exactly integrable with the help of an inverse scattering transformation [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Around the turn of the century, the quantum-optical community has experienced a renewed interest in what is called 'superluminal' propagation of waves. Although the possibility of superluminal group velocities had been predicted very long time ago, the reasons for many physicists becoming attracted to the subject are associated with the new and spectacular experiments with the signals propagating with group velocities greater than c but apparently without pulse deformation [14, 15] . What is more, new experiments with slowing down, stopping and reversing light pulses have been performed [16] [17] [18] [19] [20] [21] [22] . From the point of view of this work, the experiments with slow light propagation in ruby and fast light propagation in alexandrite, as reported in [20] , are of particular interest. Theoretical works containing interpretation of the latter experiments have been published by Agarwal and Dey [23, 24] . In another theoretical paper, Agarwal and Dey [25] have found bell-shaped solitarywave solutions to the coupled Maxwell-Schrödinger equations in amplifying media, and demonstrated the possibility of their superluminal propagation. In the above paper the losses in the resonant media have been ignored.
In a 2006 paper [26] , Janowicz and Mostowski analyzed (mostly numerically) the propagation of waves governed by kinetic limits of the Maxwell-Bloch equations for several different few-level models. It has been shown that, in such a limit, kink-like structures arise very naturally which may propagate with velocity of their edge exceeding c. The possibility of the existence of such waves is interesting because the fast edge of a kink probably gives the best available illusion of a superluminally propagating wavefront (while the real wavefront propagates, of course, with the velocity exactly equal to c).
This work is to some extent a follow-up of [26] with the emphasis on analytical solutions of systems of partial differential equations with damping. The running-wave solutions provided below are actually very simple, but their physical content seems to be of considerable interest because they can exhibit both sub-and superluminal properties. Also, even though the calculations are not involved, the solutions are to some extent interesting mathematically as examples of exact solutions of a system where damping is present and need not be small.
The main body of the work is organized as follows. In section 2 the basic model of the kinetic limit of the Maxwell-Bloch equations for two-level atoms is introduced. It contains a term which represents incoherent excitation as well as another term representing additional damping. Then, a family of running-wave solutions is presented. Those solutions have the form of generalized kinks. It is shown that, depending on the relation between the incoherent pumping and the damping terms, the solutions can exhibit sub-or superluminal propagation of the (generalized) edge. Section 3 contains analogous results for the AgarwalDey kinetic model of propagation of light in ruby while an additional linear term is again present. Physically acceptable solutions take the form of subluminally propagating kinks. Faster-than-c propagation appears to be possible as well, but superluminally propagating solutions exhibit non-physical features. In section 4, the Agarwal-Dey model of propagation in alexandrite (a system with reversed saturation) is investigated. Again, a family of exact, running-wave and superluminal, solutions is shown to exist provided that a term representing linear gain is present. Section 5 contains some concluding remarks.
Maxwell-Bloch equations in a kinetic limit
Let us consider propagation of radiation in a medium which can be modelled as a collection of two-level atoms. The carrier frequency of the wave is denoted by ω, which equals the resonant (transition) frequency of the atom. The transverse decay rate is γ T , and the longitudinal decay rate is γ L . Let the spatially and temporally dependent Rabi frequency be denoted as (x, t) = 2d 12 · F/h, with d 12 being the transition dipole moment for the transition between two atomic states, and let F be a slowly-varying envelope of the electric field. Because we will consider only one-dimensional propagation and pick up a single polarization of the field, the vectorial character of d 12 and F will be neglected. The semiclassical Maxwell-Bloch equations which describe the dynamics of the system in one spatial dimension within the slowly-varying envelope approximation [3] and in exact resonance are given by
where s ij = σ ij are slowly-varying envelopes of the expectation values of the atomic lowering and raising operators (for i = j ) and populations (i = j ). Thus, the Heisenberg picture is implicitly assumed, although this is quite irrelevant for what follows below. Let us additionally assume that the coherences s 12 are damped much faster than the population inversion s z = s 22 − s 11 ; that is, we assume that γ T , γ L . Under this assumption, the components of the dipole moment simply follow the field after their free oscillations are suppressed:
Under the above approximations, the inversion s z fulfils the equation
For the slowly-varying envelope of the electric field we obtain ∂F ∂t
where
Equations (8) and (9) can be further simplified if we write them in terms of the (dimensionless) intensity J rather than the envelope F. That is, we define
It is also more convenient to work with new independent variables, τ = t − x/c and x = x. The new variables can be made dimensionless by defining θ = ντ , and ξ = νx /c. Thus we finally obtain
where γ = γ L /ν, and where two new ingredients have been introduced. First, due to some incoherent pumping processes (the simplest of which is just thermal excitation) the equilibrium value of the inversion need not be −1 (that is, the atom need not be in the ground state at equilibrium), which is the reason why w 0 has appeared in (11) . The quantity w 0 may easily acquire positive values, e.g. via the pumping through a third level. Secondly, the field may also be coupled to another group of atoms which, however, are only weekly excited and strongly damped. This leads to the appearance of an additional linear damping on the right-hand side of equation (12). It is exactly the presence of the term containing β which facilitates the solution of the above system. Let us note that if one can additionally assume that, simultaneously, γ ≈ 0 and β ≈ 0, the general solution can be trivially obtained. However, this seems not to be the case if, more realistically, γ and β are allowed to be non-vanishing. We assume that w 0 = β throughout this section. Let us look for special running-wave solutions to the system (11), (12) . That is, let s z and J depend on the variable ζ = θ + bξ . We choose b in such a way that a linear combination of s z and J satisfies a simple linear differential equation. We have
and also
where 'prime' denotes the derivative with respect to ζ .
It follows that the quantity S = s z + bJ satisfies the equation
if we choose b = β/γ . It follows immediately that S = w 0 + S 0 exp(−γ ζ ), where S 0 is a constant, so that
This allows us to obtain a simple Bernoulli equation for the intensity:
The above equation, which may be regarded as a generalization of the Lambert-Beer law, contains some non-trivial physical information. First, it is nonlinear; the intensity itself contributes to it by making itself weaker for growing τ (the temporal distance from the wavefront) and x. Secondly, while equation (14) takes the form of the Lambert-Beer law, here the absorption coefficient depends on both space and time, although that dependence is very simple and exponentially disappears for large ζ . Due to the incoherent pumping associated with possibly positive w 0 , the intensity can be amplified, until this will eventually be counteracted by the nonlinearity.
The solution of (14) is given by
The integral on the right-hand side, denoted as I 1 , can conveniently be expressed in terms of the incomplete gamma function, or better yet (to avoid introducing too many Greek gamma symbols) in terms of Kummer's confluent hypergeometric function M [27] :
so that the final solution for J reads
We observe that if the constant S 0 is equal to zero, or if we take the limit of large ζ , the above solution becomes kink-like:
where φ 0 is a positive constant. The inversion takes the form
Solutions (17) and (18) could also be directly obtained on using the truncated Painlevé expansion technique. They are meaningful in the entire two-dimensional spacetime only for w 0 positive and larger than β (which is actually the most interesting case). Otherwise, they can be valid only as long as the denominator is finite and positive.
Let us now have a closer look at the variable ζ in (17), especially because the zero of ζ determines the position of the middle point of the edge of a kink. We have
But this means that our solution can actually have the form of both kink and anti-kink, and can propagate with the velocity of the edge (being a pseudo-wavefront) equal to
which can be larger or smaller than c, and can also become negative, so that the kink will propagate, possibly superluminally, in the direction opposite to that of the carrier wave. The superluminal behaviour of the kinks for |γ − β| < γ is illustrated in figure 1 . In that figure we have plotted the dependence of the intensity J on the dimensionless spatial coordinate X = νx/c for two different (dimensionless) times T = νt, using our solution (17) . In both figures 1(a) and (b) one observes superluminal propagation of the kinks, because during the time interval T = 10 the kink has travelled the distance X = 100. In figure 1(a) the velocity is positive, and the kink travels in the same direction as the carrier wave, but in figure 1(b) the velocity is negative, and the kink propagates in the opposite direction.
Let us now briefly address the problem of the behaviour of J near the true wavefront. In fact, one of course cannot do this within the kinetic limit. In this limit, all information about forerunners is completely lost, and everything one can hope to achieve is some insight into how the main signal is modified when compared to the applied signal. In particular, one must assume that τ is much larger than 1/γ T , so that we are actually not too close to the wavefront. With the above proviso, one can still perform an analysis of near-wavefront behaviour in the spirit similar to that of [28] by expansion of J and s z in terms of θ near θ = 0. The coefficients of such an expansion turn out to be polynomials of exp((w 0 − β)ξ ). We consider a simple boundary-value problem with J specified at ξ = 0; namely, let J have the following Taylor expansion at ξ = 0:
Let us also assume, quite realistically, that the field cannot be turned on too abruptly, so that G 0 and G 1 vanish. In that case, the first two non-vanishing terms in the corresponding series for s z are equal to
Thus, very close (in terms of time scales present in the kinetic limit, but not in terms of those present in the full-blown Maxwell-Bloch equations) to the wavefront, the intensity behaves like
The above behaviour does not depend on whether w 0 is larger or smaller than β (we have of course assumed that w 0 = β). If it is larger, we obviously have to do with an instability in the vicinity of the wavefront, that is, J grows indefinitely with growing ξ for given θ . To summarize this section, let us state that we have obtained a two-parameter family of solutions of the Maxwell-Bloch equations for incoherently pumped two-level atoms in the kinetic limit, under assumptions that some other interactions lead to additional damping of the intensity. The solutions have the form of kink-like functions, and are well defined in the whole two-dimensional spacetime if the pumping is stronger than additional damping. Otherwise they remain valid in some restricted region of space and time. The velocity of the middle point of the kink edge may be larger than c, and the kink can propagate with sub-or superluminal velocity in the direction opposite to that of the carrier wave.
Systems with saturated absorption in the kinetic limit
In this section we adopt the kinetic model of [23] where it has been used to analyze propagation in the media with saturated absorption. In particular, that model has been employed to interpret experimental observations of the Boyd group concerning propagation of light in ruby [20] .
It consists of a three-level atom, the ground and higher-excited states of which are coupled by the propagating radiation, while there is only incoherent decay from the lower-excited to the ground state. Under the assumption that all coherences decay fast, and the decay rate 1 from the higher-excited to the lower-excited state is much larger than the decay rate 2 from the lower-excited to the ground state, Agarwal and Dey derived the following equations describing the dynamics of the population of the ground state and the space-and time-dependent Rabi frequency (notation of [23] is used):
where˜ = / sat with sat = 2 √ 1 2 , and α 0 is a constant which measures how the field is damped by the interactions with the atoms. As before, we introduce a dimensionless time θ = 2 2 τ , a dimensionless spatial coordinate ξ = 2 2 x/c and a dimensionless intensity K =˜ 2 . Then the above system takes the form
where α = cα 0 /(2 2 ), and we have again introduced an additional damping of the intensity via the linear term containing β. This time, however, we allow β to be negative. Physically, negative β corresponds to the coupling of the propagating radiation with an additional group of atoms in which an excited state is strongly populated; this can give rise to a linear gain (rather than damping) term associated with β.
As before, we are looking for a family of running-wave solutions with ρ gg and K being functions of a single coordinate ζ = θ + bξ . We easily find that if b = β, then the variable S = ρ gg − (b/α)K satisfies the equation
so that S = 1 − S 0 e −ζ , with S 0 > 0. On substituting the equality ρ gg = 1 − S 0 e −ζ + (β/α)K into the equation for the intensity, we obtain
where 'prime' denotes the derivative with respect to ζ . It is to be noted that, for positive β, the expression in the braces is always positive for sufficiently large ζ , which means that K must die out as ζ approaches infinity. The above Bernoulli equation admits the following solution:
whereD 0 is an integration constant, and the integral I 2 in the denominator can again be expressed in terms of the confluent hypergeometric function:
This way, the solution for the intensity K takes the form
whereD 0 is another integration constant. For vanishing S 0 our solution for K obviously exhibits a singularity ifD 0 and β are positive. Thus, already from that it is clear that the above solution can be valid only in some region of spacetime. More restrictions are imposed by the corresponding solution for ρ gg , which must of course be positive and lower than 1. For vanishing S 0 , the solutions for the intensity and the population of the ground state take the forms
and
In terms of the time t and the coordinate x, our ζ variable is given by
so that the velocity of propagation of our running wave is equal to
It is interesting that it does not depend on α. Its dependence on β is obviously critical for possible superluminal propagation, which can happen in both directions. However, one can check that for 0 < β < 2, which would be required for the superluminal propagation of the kink-like waves, our solutions either develop singularities (and it is, in fact, those singularities which propagate superluminally), or become unphysical in the sense that either the intensity is negative, or the population of the ground states turns out to be outside the interval [0, 1].
One can obtain perfectly valid physical results for β < 0, |β| < α. Subluminally (though very fast) moving kinks are shown in figure 2 , where β has been chosen equal to −0.1. In that figure we have plotted both the intensity K ( figure 2(a) ) and the population of the ground state ρ gg as a function of a dimensionless spatial coordinate for two different dimensionless times T, namely T = 0 (dashed lines) and T = 20. The solutions given by (26) , (27) have been used to obtain the pictures. With the assumptions analogous to those made before in the case of the kinetic limit for the pumped two-level atom, is it easy to obtain some information about the behaviour of K not far from the wavefront. Again, by expanding both ρ gg and K near τ equal to zero we obtain the first two non-vanishing terms in the series representing ρ gg , and substitute them into the equations for intensity. This leads to an approximation valid near the wavefront (in the sense specified in the previous section):
whereG is the boundary value of K at ξ = 0, andG 2 is the coefficient of the second-order term of its Taylor expansion.
To conclude this section let us observe that there is a remarkable correlation between our formal results and the experimental work [20] (as well as numerical simulations of [23] ). On the one hand, the model with saturated absorption has been used there to describe slow propagation of light in ruby. On the other hand, our special solutions discussed in this section (in contrast to those in the preceding and following sections) retain physical sense only if the propagation of kinks is subluminal (and possibly very slow). Superluminal solutions are present, but they either contain singularities, or lead to 'negative intensities' and/or 'negative populations'. Mathematically, it is the same sign of nonlinear terms on the right-hand sides of (21), (22) which is responsible for this behaviour of the solutions.
Systems with inverse saturation in the kinetic limit
To investigate theoretically the superluminal propagation of radiation in alexandrite, Agarwal and Dey [23] have developed a model which, in the kinetic limit, reduces to the following system of equations:
whereα 0 gives the reverse saturation. It will be assumed here, in accordance with the estimations of [20] , thatα 0 > α 0 .
Defining new independent variables as follows:
and introducing the intensity L =˜ 2 , leads to the system
where we have again added an additional damping or amplifying term associated with β (i.e. β can be negative) and where
Looking once again for the solution in terms of running waves depending on the variable ζ = θ + bξ , we convince ourselves that if b = α 2 + β, then the linear combination
This leads to the following equations for L:
where r = (α 2 − α 1 )/(α 2 + β). The solution of the latter equation reads
whereẼ 0 is an integration constant. The integral contained in the denominator can again be expressed in terms of the confluent hypergeometric function, so that the final result for L is given by
whereĒ 0 differs fromẼ 0 by an additive constant.
In the special case of S 0 = 0 the form of L is particularly simple:
meaning that it again takes the form of a kink. The latter solution can also be written as
. The corresponding population of the ground state is given by
Taking into account the explicit dependence of ζ on t and x,
we obtain the following velocity of the edge of a kink:
which can take on arbitrarily large (or very small) values, depending on the values of α 2 and β. The solutions given by (37), (38) are physically meaningful in the whole spacetime provided that there is a linear gain rather than loss, i.e. β < 0 and, in addition, α 1 < |β| < α 2 . In figure 3 we have displayed superluminally propagating kinks, as described by these solutions (37), (38). Once again, we also provide a simple expression for the behaviour of the intensity L not far from the true wavefront (i.e. for θ → 0), obtained with the help of the same procedure as in section 2:
whereḠ(θ ) is the boundary value of the intensity L at ξ = 0, andḠ 2 is the coefficient of its second-order term in the Taylor expansion in θ . This finishes our analysis. 
Concluding remarks
In this work we have obtained running-wave solutions of systems of partial differential equations which form the kinetic limits of Maxwell-Bloch systems describing three systems of current interest: the standard two-level atom with incoherent pumping and additional damping due to the coupling with weakly excited atoms; three-level atoms in a configuration of excitation which exhibits saturated absorption and four-level atoms in an N-configuration which exhibits reverse saturation. All solutions obtained have the form of kink-like functions.
We have also shown that the velocities of the edges of the respective kinks (or anti-kinks) may easily become larger than c or negative, depending on the damping parameters. This seems to be of interest from the point of view of experiments because the edge of a kink is a structure which can strongly resemble a wavefront, giving, perhaps, the strongest possible illusion of 'true' superluminal propagation. Besides, in all three cases expressions describing the behaviour of the intensity close to the true wavefront have been derived, within the restrictions imposed by the kinetic approximation. These expressions cannot exhibit any features characteristic of precursors, but can show how the main signal is modified when it arrives. The kink-like solutions obtained here are, strictly speaking, non-vanishing at any point in space and time. One could then wonder how to excite them in real systems. In this context it is important to point out that a kink-like excitation of intensity at a given point in space indeed does lead to the propagation of a kink-like structure, as has been shown by numerical simulations of similar systems performed in [26] . The edge of the kink tends to steepen up, eventually leading to its disruption, but, in a realistic case of a finite medium, the kink can survive sufficiently long to be detected.
